Abstract. Direct local and global estimates are established for Bernstein -type operators using Ditzian -Totik modulus of smoothness of second order.
Introduction
In [2] it was shown, among others, that for the Bernstein operator The aim of the paper is to give a direct local and global approximation theorem for Bernstein -type operators, similar to ( 1 ), replacing the condition φ 2 is concave function.
In what follows we suppose that φ :
we have that the K -functionalK 2,φ (f, δ 2 ) and the Ditzian -Totik modulus ω 2 φ (f, δ) are equivalent. Herē 
The direct approximation theorem
Our main result is the following
is quasi -convex on [0, 1] and
, where the constant C depends only on φ. To prove our theorem we need the following two lemmas :
and v between x and u we have
which was to be proved.
Proof. We have to prove that
This is equivalent with
Proof of the theorem. Let x ∈ [1/n, 1 − 1/n] and g ∈ A.C. loc [0, 1] . In view of Taylor's expansion
By (i), we have for v between x and u that ψ(v) ≤ max{ψ(x), ψ(u)} ≤ ψ(x) + ψ(u). Hence, in view of ( 3 ), Lemma 1 and (ii) we have
and Lemma 2 for α = 2β ∈ [0, 1] we get
But for φ we have β = β(0) = β (1) . So there exists C = C(φ) > 0 such that
Hence, by ( 5 ) we have (6)
In conclusion ( 4 ) and ( 6 ) imply
On the other hand, {L n } is a sequence of uniformly bounded operators, therefore L n f ≤ C 4 f for n = 1, 2, . . . and f ∈ C[0, 1]. Hence, by ( 7 ) we obtain
we get the assertion of our theorem.
Remark 2. There are functions
is quasi -convex and φ 2 is non -concave.
Indeed, the function
is not a concave function on [0, 1], because
Applications
In this section we shall apply our theorem for some well -known positive linear operators, when
So we obtain estimates similar to ( 2 ) , which combine the classical estimate (λ = 0) and the estimate developed by Ditzian -Totik (λ = 1).
Let us observe that for φ 2 (x) = x λ (1 − x) λ the conditions (i) and (ii) are satisfied. Indeed, in this case ψ(x) = 1, x ∈ [0, 1], which is obviously quasi -convex and
x ∈ [1/n, 1 − 1/n], respectively. Therefore we have the following results: a) Stancu operator [5] is defined by
, t is a positive parameter which may depends only on the natural number n. We have S t n (u − x, x) ≡ 0 and 
